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Abstract- Based on the concept of the energy-moment um ICnsc)r. the paper derives the eonservation
laws relevant to free energy and complementary free energy of ekctro-magneto-elastic media. From
those laws. the path-independent integrals are presented Other laws and associated integrals are
also introduced. Some integrals are evaluated to ohtain the cnerg" release rate for the mode III
electro-magneto-elastic fracture prohlem

I INTRODLClIO:\

Since the J integral was introduced by Rice (196g) and widely applied in linear as well as
non-linear fracture mechanics. the path-independent integral has received more and more
attention. For the linear elastic media. the path-independent integrals can also be derived
from conservation laws with the aid of Noether's theorem. as was done by Knowles and
Sternberg (1972) and Fletcher (1976). Another method was introduced by Eshelby (1975)
who deduced the path-independent integrals on the concept of the energy-momentum that
first appeared in the classical electric field theory (Landau and Lifshitz, 1975). Cor­
responding to the path-independent integral. Bui (1974) set forward the dual path-inde­
pendent integral associated with the elastic complementary energy. whereas Xu (1988)
gave the dual conservation laws and more general dual path-independent integrals for
elastostatics.

From Eshe1by's method with the energy-momentum tensor. we can also obtain the
conservation laws for electro-magneto-elastostatics provided that a state function. such as
the strain energy and complementary energy in clastic theory. is independent of the position
of the material point. or the material is homogeneous. As a consequence, the path-inde­
pendent integrals and the associated energy release ra te are obtained without any difficulty.

2. Flj:\ DA'vl E:\1 i\ L IQ!:\TIO:\S

On account of the classical electromagnetic held and elastic theory. the fundamental
equations for electro-magneto-elastic media are composed of

E, = -("

B, = e",A,

E,! = (u,,+u,,)2 (small deformation)

D, = (J

(I a)

(\ b)

(1 c)

(ld)

(Ie)

(If)
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where ip, Ei and D, are the electric potential, electric field and electric displacement, respec­
tively, Ai, B, and H, are denoted as magnetic potential vector, magnetic induction and field,
U i , £1/ and (11/ represent the displacement, strain and stress tensors and el/k is a permutation
tensor. An alternative combination of eqn (1) is

E, = -ip.,

H i = -1jJ.i

£i' = (U'i + U; ,)2 (small deformation)

Dr: = 0

B i ., =0

(1ii.; = 0, (2)

where IjJ is the magnetic potential variable,
We define the state functions, free energy pi: pF and complementary free energy pg,

pG for linear material, to be

(3)

and

where coefficients:x: :. f3: :.~: : and 11: : denote the characteristic of materials. Using the
electro-magneto-thermodynamic theory presented by Wang (1993), we can obtain the
constitutive relations as follows:

or

apt
Dr = - '.E'

C

o I'H=_L
'oB,

(5a)

or

r'pt
e'i:=: - ":;'-'--,

((1

apt
£=-'

i aD
i

'

B = cpt
i cHi

(5b)

or

i'pF
(1,-/ = -,-,

C£"

tpG

D,=

i"pG
Ei = ~D

C i

opj
B·=-

I i3H,

i3pG
Hi = oBi

(5c)

(5d)
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3, COl"SERVATION LAWS RELFVA:-.iT TO FREE ENERGY

R67

In the following. we assume that the media are all homogeneous electro-magneto­
elastic material. From the first definition in eqn (3) and the fundamental equation [eqn
(la-c)]. we have

(6)

Using the constitutive relation (5al and the fundamental equation [eqn (Id-f)]. we arrive
at

(7)

Then we obtain the differential form of the first conservation equation

(8)

whose integral expression is

(9)

It is worth noting that eqns (8) and (9) hold if only the constitutive relation (5a) is available,
It implies that it is not necessary for p/to meet equality (3a). so either eqn (8) or eqn (9) is
suitable for the problems with non-linear constitutive relations provided that the state
function exists,

To proceed further. we define the energy-momentum tensor as

(10)

When electric field is considered. we have

which is just an energy-momentum tensor in the static field or the so-called Maxwell stress
tensor.

From the definition (3a) and the fundamental equation [eqn (la-c)]. we obtain

(II)

Considering eqn (ld-f) and the free energy of a linear material

(12)

we have the second conservation equation

(13)

whose integral expression is

or
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As a result of eqns (9) and (14). the pa th-independent integrals are

ill = I (p!i)k/-(J"uu- D /i.[Jk-- e"",H",Au )l1;ds
~

For a piezoelectric material. eqn (15) is turned into

~

/vII J[\kPf-.\)(Jiku'i+Dki.[J,)~~«(J'kUi+Dk<P)ll1kds, (16)

where eqn (16b) is in agreement with that given by Pak (1990a,b). In addition, regardless
of the electromagnetic field. the path-independent integrals for elasticity are obtained and
are the same as those derived by Knowles and Sternberg (1972) and Fletcher (1976).

In elasticity, there is the third conservation equation (Knowles and Sternberg, 1972;
Fletcher. 1976; Xu. 1988) for linear isotropic materials. However, discussion of the third
conservation equation for an electro-magneto-elastic material is meaningless due to the fact
that there is no coupling between electricity. magnetics and elasticity for an isotropic
material as long as its microstructure possesses the same symmetry group for electric,
magnetic and elastic behaviour.

As is known, the static electro-magneto-elastic problem can also be determined by the
alternative fundamental group of eqn (1). i.e. eqn (2). When it is applied. together with eqn
(4a). it follows that

. ('pF ?pF cpF
(pF)k =, U,/k - :;:E-- i.[J.ik - ~H· t/J.ik

( Ei ; (' -, C i

= ((J"U'k + D,i.[Jk - B/t/J.d/;

then another expression of the first conservation equation is

and the energy-momentum tensor can also be deflned as

Considering

we obtain another expression of the second conservation equation:

Therefore. the path-independent integrals are

(17)

(18)

(19)

(20)
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1'lk = J(PFi\;-a"u,k-D/Pk+B1I/Jdll;dS

M'I = J[XkPF-XI(a'kUII+DkifJl-BkI/J)-~(aikUi+DkifJ-BkI/J)lnkdS. (21)

4. CONSERVATION LAWS REFERRED TO COMPLEMENTARY FREE ENERGY

If the material is homogeneous and the state function pg [eqn (3b)] is adopted, we
have

rpg cpg cpg
(pg), =::;-- a i /. k + ~D D'k + ;H H i.k ·

CUll C lei
(22)

With constitutive relation (5b) and the fundamental eqn (la-e), eqn (22) is rewritten as

(23)

Combining with the fundamental eqn (1 d-f). the differential form of the first conservation
equation relevant to complementary free energy is

(24)

whose integral expression is

(25)

Similarly to eqns (8) and (9). eqns (24) and (25) are still suitable for the media with a non­
linear constitutive relation provided that the state function pg exists.

Let us suppose the energy-momentum tensor is

(26)

and considering the fundamental eqn (1). we can obtain

(27)

Since

the second conservation equation is described by

(28)

whose integral expression is

(29)

Corresponding to eqns (25) and (29). the path-independent integrals are



X/Ii '\ .. \1. Wang: and Y-P. Shen

For a piezoelectric material. eCln (29) is simplified into

I'

./" = J(pq(\,+ul(J"I,~q;D/.,)n,ds

(31 )

Without regard to the electromagnetic field. eqn (31) is identical with that given by Xu
( 1988). If eCln (31 a) degenerates further into a two-dimensional problem. Bui's (1974) result
is obtained

As the state function. complementary free energy pG, is applied together with the
fundamental eCln (2). we have

,-I'( I

(p(;) - (j

( (T,!

(32)

and the tirst cOlbcnation eCluation relevant to a complementary free energy is

(33)

With reference to eCln (33). the related energy-momentum tensor can be defined as

(34)

moreover

(35)

Since

(36)

the second conservation equation is introduced hy

(37)

Consequent upon eqn (36). the path-independent integrals are

J = I (pG,\, + U(J + (pD I, --I~B,;. )11/ ds
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5. OTHER CONSERVATION EQUATIONS AND PATH-INDEPENDENT INTEGRALS

In Sections 3 and 4, the free energy and the complementary free energy described in
Section 2 are taken as state functions. In fact, other state functions can also be applied to
obtain the conservation laws and the path-independent integrals, which are to be presented
without the procedure of derivation as follows.

Suppose that

pf' (~ .. D H) - 1("" ~ ~ +.,eeD·D + "lTIlTIH H) +",e ~ D +"SlTI~ H +"emD H
• 1 <O,p I' I - 2 !f/klrJ'j-"kl Ilf I I In I i ",k<Oii k /iikfJij k r,./ i j

where i'i : and 0i i describe the character of materials. For convenience, the coefficients
introduced like i': : and 0: ~ are not explained again in the following. It is noted that the
state function pgl is indeed the internal energy of e1ectro-magneto-elastic media.

From eqns (I) and (39), we have

(plI 6/" - O'i,UU + rpD,.k - e"mA",Hi.k)., = 0

[xkPll + x,( - O',kU" + (pDk,-eik",AmH,.J + j ( - O'ikU, + 3DkifJ + 3e,k'" HmA;)lk = 0

(pgl iik!+ UiO'".k - D,if>.k -eu",HmAi.d.i = 0

[XkPgl + xi(UiO'ik, - Dkrp.,- e,kmH",A,.J + j (3UiO',k + 3rpDk-eikmH",A,)J.k = 0 (40)

and the corresponding path-independent integrals are

J 3k = f(Pll[h,-O'i,Ui.k+rpD,k-ei,mA",Hi.dn,dS

M, = f [XkP!1 + x,( - O',kUi, + rpDk,- eik",AmHi.J + i(-O',kU,+ 3Dkrp + 3eik",H",A;)]nk ds

Supposing that

From eqns (I) and (42), the conservation laws are described as

(pf26k' + UiO'".k - D,ifJk - eii",AmHi.k).! = 0

[xkPf~ + x,(UiO"k/ - Dkrp! -e,k",A",H,.,) + j (3U'O'ik - Dkrp + 3e'kmHmA;)J.k = 0

(pg26k,-0'"U'k+rpD,.k-e"mH",A,.k).j = 0

[XkPg2 + x,( - O',kU" + rpDk.,-eikm H",A,,) + j ( -O',kUi + 3rpDk -e'kmH",Ai)J.k = 0 (43)

and the corresponding path-independent integrals are
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/vf(> = J[Y i PH: +.\ ,( - O",i Uj ,+ rpD/, , - e,i"" H,,,A,) + ~ (- O"jkUj + 3cpDk

-ejkmHmAJlnk ds. (44)

If \?qn ( I ) is applied and eqn (4) is considered as a state function, we obtain

(pG!>i.! +UjO"Ii.k + cpD,.k -e,/mHmAj.d.J = 0

[\,pG+.\,(U,O",ok,+rpf),. --e'i",H",A,,)+ ~(3u,l1jk+3rpDk-e'k",HmA,)1.k= 0 (45)

and the corresponding path-independent integrals are

Certainl::.. if combining the abm\? state function, and the fundamental eqn (2) is
applied. we can further achieve oth\?r l'<1l1servation laws and the path-independent integrals
derived as in Sections 3 and 4.

h. THF Et"ER(iY RELEASE RATE FOR MODE III FRACTURE

A~ ~hown in Fig. I. for a crack in an infinite body subjected to out-of-plane defor­
mation. two kinds uf boundary conditions are introduced on its face:

(I)

(II)

r; = 0
D = ()

!I = 0

u" = 0
f) = ()

B = ()

(traction-free)
(of no residence charge and negligible D, in crack)
(of no residence electric current and negligible H \ in crack) ;

(traction-free)
(of no residence charge and negligible D, in crack)
(negligible B, in crack).

(47)

(48)

If the crack tIp field is known. the energy release rate can be obtained by using the first
kind of p~lth-independentintegral. such as eqns (ISa). (2Ia), (30a), etc.
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Fig:. I. The infinIte bOl1\ wIth a crack slilrenn!! trtll11 ()lIt-of-rhIne deformation.

Supposing

II, = II, = O. lie = II (.Y.r)

W = (p(.Y.r)

A, = 4., = O. 4 =j (.r. r)

873

(49)

and considering the boundary condition (47). we can obtain the electro-magneto-elastic
mode III crack tip field (B2) derived in Appendix B. With the substitution of eqn (B2) into
the path-independent integral (15a). the energy release rate is

(50)

If the boundary condition satisfies eljn (4S). the crack tiP field could be presented by eqn
(B4) (see Appendix B). Then the energy release rate i,

(51 )

If we add another supposition to the field. that I,

II, = II, = O. II = II (.\. 1')

I~ = I/I(.Y.\) (52)

we can obtain the crack tip field (B6) and (BS) corresponding to the boundary condition
(47) and (48). respectively (see Appendix B). Referring to eljn (21a). the energy release rate
is

(53)

and
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It is found that the energy release rates deduced from egn (30a). (4Ia,c), (44a,c) and (46a,c)
are all identical to eqns (50) and (51) as the crack tip fields (B2) and (B4) are considered,
whereas one derived from eqn (38a) is the same as egn (53) or (54) as (B6) or (B8) is used.
Furthermore. eqns (51) and (53) show that the magnetic field makes no contribution
towards the energy release rate provided that the boundary condition (48) and the sup­
position (49). or (47) and (52) are adopted. Moreover. eqns (50). (51 J. (53) and (54) imply
that the electric field has a tendency to retard the growth of a mode \lI crack, but the
magnetic field has a contrary effect. It is also noted that no coupling appears between the
magnetic field and elastic or electric field in egn (50) upon consideration of the boundary
condition (47) and the assumption (49).

7 CO,,"ClUSION

[n light of thc vie\\ of Eshelby's energy-momentum tensor. the paper has presented
many kinds of conservation laws and path-independent integrals. Even though all state
functions are introduced to the quadratic form in the paper, the first kind of path-inde­
pendent integraL such as eqns (15a). (2[a). (30a), (38a). etc. are still appropriate for the
non-linear electro-magneto-e[astic media. It implies that the polynomial power of the state
function may reach more than two.

In addition. it is shown that thc energy release rate for fracture can be easily obtained
by using the path-independent integral. The results further show that the the electric field
has an inclination to alleviate the cnergy release rate of an electro-magneto-elastic mode
III crack. but the magnetic field plays the inverse role on the crack.

4c!;I/Oli/"d'!CII/cl/l Ih" wmk We" suppl1rkd h the luundatll1n 111'l\ational Educatil1n Cl1mmittee.
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\PPF~D1X A THE SOItTIO,\ OF Ai\, OUT-OF-DEFORMED BODY

In the folll)wmg. lwth fundamental cLjllatlons (I) and (~) are applied in the solution of the out-of-plane
deformation prllhlcm for a transwrseh 1S(\lrOpic elasto-magneto-elastic medium. The normal of the plane
coincides with the /-axi,

Solulio" I
Accord1l1~ to the cOllstitlltl\C relatlllll I S~II. the relation for the transycrsely isotropic media call be simplified

to

where

(J l<i:e: [el':E: [fJ':B:

D: [e]:e:-!£]:E:+[gHB:

:U: Ill:t:: -[g]'E; +[u](B:. (AI)



[C] =

[e] =

[JI] =
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:E)' = [E"E,.,E}, iO}T = iD"D,.,DJ

:8}' = [B"B,.,R}, [H)T = iH"H,.,HJ

Cl1 ('12 (' I ~ 0 0 0

('12 ('II c
1

_, 0 0 0

('1:' ('1 ~ C n 0 0 0
0 0 0 C4J. 0 0
0 0 0 0 ('44 0
0 0 0 0 0 (C" - C" ):2

[,: 0 0 0 f'l <;

:] [I:
0 0 0 I'5

:]0 0 ('I <; 0 [f] = 0 0 I'5 0

eJl (J" 0 0 t" I;) 0 0

n 0 0 n 0 0

I" 0 [g] = q" 0

0 ( ~ ~ 0 Y'J

r""
0 0

() ,I" 0

0 0 ,In

87S

Supposing

u, = u, = 0, u, = u,(x,y) (out-of-plane deformation)

A, = A, = 0, A, = A,(.Y,y), <p = <p(x,y)

and substituting eqn (AI 1 into the fundamental eqn Od-f), we obtain

C44V'u,+e"V'<p = 0

el,V'u,-I,IV'<p = 0

Il II V'k = O.

Due to the arbitary choice of coefficients, eqn (A2) leads to

V'u,=o, V'<p=O, V'k=O.

From eqn (A4), we get

u, = Im[V , (=)], <p = 1m [<I>, (=l], k = 1m [0(=)),

(A2)

(A3)

(A4)

(AS)

where V, (=), <1>, (=) and 0(=) are complex potentials, = = x + iy. As a consequence, the strain, stress, electric field,
electric displacement. magnetic induction and magnetic field are described by

= 1m [U',(=)],

= Re [U', (=)],

{
E, : - 1m [<I>~ (:)],

E, - -Re[<I>,(.)],

{
B' = - Re :0'(=)],

B, = 1m [0 (=)],

(Te, = 1m [1'44 U', (=) +el,<I>', (z)] + Re [II5 O'(z)]

(J" = Re [c44 V', (=) +el,<I>', (=)] - 1m [II5 O'(z)]

D, = 1m [e 15 V'I(=)-£"<I>',(z)]-Re[q,,Q'(z)]

D, = Re [eI5V'I(:)-£,,<I>',(z)]+lm [qIlQ'(z)]

H, = 1m [fI5V; (=)-q,,<1>',(=)]-Re [1l"Q'(z)]

H, = Re[fI5V~(=)-q,,<I>',(=)]+lm[IlIlQ'(z)]. (A6)

Solution 2
On account of the constitutive relation (Sc), the transversely isotropic medium has

:u: = [C"]{t: - [e"]T {E) + [f*]T {H]

:0) = [e"]{t] + [£"](E) + [g"](H}

:8) = [f*](e}-[g"](E} + [JI"](H] ,

where

(A7)
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c
ci, cr~ ('r.~ 0 0 0

cf~ cf , ('i~ 0 0 0

[C*] = c'f" ef cf, 0 () ()

0 I) 0 C!4 () 0
0 I) () 0 C!4 0
() 0 () II () (c~, -cr,) 2

I 0 () 0 () ('i,

"l [" 0 0 0 1"*

~j
. 15

[e*] =
le~,

() 0 e* I)
~ .

[f*] = () 0 0 1"* 0,. . I.~

ef , cf ~ 0 II If, 1"* If, 0 0
"

n 0 o l
!9~'

0 0
I

[E*] = (* I 0 [gO] = qil 0

0 ,t, J . l 0 0 gt~

l'lr () 0

[pO] = () pi, 0

L 0 0 Itt,

If. assummg.

II, = lI. = II. II =" tx. II (out-of-plane deformation)

I/J = I/J(x. r). 'r = 'jJ( Y. r) (A8)

and substituting eqn (A7) into eqn (2d fl. I\(: havc

<1"Y'" +1'~<Y'ifJ-fr,y'l/J= 0

d.Y'/1 f~,Y'~?-9~,Y'l/J= 0

n,Y"/I.-r9r,Y'I/)-/ir,Y'1/J = O.

Due to the arbitariness of the coefficients. cqn (A91leads to

Y" ~ o. \"'r = O. y',~ = o.

From eqn (A 10). we have

(A9)

(A10)

(All)

where l",(:). <D,(:) and If'(:) are complex potentials. It is worth mentioning that the assumption (A8) is not
synonymous with eqn (A2). As a consequence. the stram. stress. electric field. electric displacement, magnetic
induction and magnetic field are described by

,= Im[L~(:)].

= Re[L ~(c)].

IE, = -lm[<D~(c)j.

1,E = - Re [<D~(:)J"

rH, = --lm[If' (:)].

"Iff, = -Re[If"(c)].

ri, = 1m [d4l"~(c)+er5<D;(.:)-ff51f"(.:)]

ri = Re [<1"[~(:)+d5<D',(.:)-ff51f"(.:)]

D, = hll[er5U',(.:)-d,<D;(:)-g~,If"(.:)]

D = Re[er.U;(:)-£r,<D;(.:)-g~,If"(.:)]

B, = Imlff,U'.(:)+g~,<D;(':)-!1~,If"(:)]

B, = Re[trJ~(':)+9r,<D"(':)-!1~,If"(:)1. (AI2)

APPENDIX B THE MODE III CRACK TIP FIELD

As shown in Fig. 1. if a crack in the infinite body suffers from out-of-plane deformation, two kinds of
boundary conditions on its face are described by eqns (47) and (48). Clearly, the combination of eqns (A5) or
(A 11) with two kinds of boundary condition and application of the complex function theory will lead to the
solution of the mode III crack tip field.

Solution 1
In light of the boundary condition (471 and eqn (A5). we can obtain the solution in the following form

(BI)

where A. Band C are complex coefficients which are determmed by a remote load. When: -> a, the crack tip field
is given by
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(
J r ') II

II = K' i ,=-" sin-,\! IT 2
" 1(21') , I)

= K ~ \-; sm 2

K' II
sin,. f

,.2ru

K" II
---cos­
,,2ITr 2

K' ()
'ITr cos 2 ., -

KC II
E, = - cos").

,_ 2rrl

K" fi
H, = ~---sin::;

"lITr "'

<",K'-I"K' II
sIn !_

,,2nr

q"K" II----,-- cos --.
,,''27['' :2

,·.,K'+<",KF II fisK". II
(1_, =-.- --~-----cos-+--sm.-

" lrrr 1 .,f2ITr 2

<",K'-I,IK" II 9'IK". II
--..----- cos - - --sm.-

,,2ITr 2 .,f2ITr 2

where

H, = __ I"K'. g"K' II
Sln ~

" 2rr,. -
H

f"K'-g'IK C
() MilK". II

----cos .. - --sm-,
,lITr 1 .,f2ITr 2

(B2)

K'=4"ITII. K'=H"ITII, K"=CvITII.

If the boundary condition (48) IS applied. it is found that Q I~) IS an analytical function wherever z is, even
on the crack, and

where k is considered to be finite at I~I --+ J .. When ~ --+ II. the crack lip field is given by

(B3)

12,-' II
~o = K I ,I ,J sin:, ,

'v \. IT, -

K' II
---sm-.
\, 2nr 2

t:,
K' II
---sin-.

\, 2nr 2
H, = 0

K' II
cos .

\, 2rrr .2

(J.\

('I~K"-(

.... 21ft

K' II
- sin,.

(1

D,

B, = 0

c"K'+<,,,Kt II
'~ -----cos.-

,.2ITr 2

C I' K' - I, , KC
()

- -cos-
"lITr 2

where

H,
1"K'-q"K I

(I
-- sm,. fl,

\ 2nr
(B4)

K' = A,,, 7W, K I
= B" lW.

Solution 2
Combining eqn (All) and the boundary conditIon (47). we find that 'I'(~) is an analytical function everywhere,

and

where H, is taken to be finite on 1:1 --+ -j_, When: --+ II. the crack lip field is

(B5)

<JJ = K' ('2'-") sin II.
\ ,IT, 2

t/J = Im(c,)

K' II
sin::; .

" 2rrr

K' II
'" 2rrr Sin l' H, = 0

E, H, = 0
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where

X,-M, Wang and Y,-P, Shen

c!.Ks+ei5K' , (J
(J:x = - --1·'''--''-- sin -,

.,;2n/' 2

fi,K'+,qi,K' , Ii
B, = ----.---sm-,

\/;2nl" 2
(B6)

On account of the boundary condition (48) and eqn (A II), we can obtain the solution in the following form

When ~ --> a, the crack tip field is given by

(B7)

1('21') IJu. = K S
I - sin:"

\I n -

KE Ii
E, = -,-sin "2 ,

..,;2nr

KS IJ KE Ii
i'" =-i-COS~, E, = --.,-cos-

2
,

'\I12rrr L. ,,12rrr

K H Ii
H, =-,-sin-

.,;2nr 2

KH Ii
H. = ---cos-

, -.)27[1' 2

where

c!.Ks+ei5K" -fi,K H
, Ii

(L, = - -----:;irr;~--- sm "2 '

ei,Ks-ci,K' -,qi,KH
, IJ

D, = - ---------- sm·-,
,/21[" 2

f ·*·KS+g* K'-Il* K H IiB __ . I) 11 11 ,._

, - J)w/' sm 2'
\/ _H

(B8)


